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Abstract: This paper presents a study of iterative methods and interval arithmetic for solving systems of linear equations 
with interval coefficients. The Interval Gauss–Jacobi and Interval Gauss–Seidel methods are discussed for obtaining 
solutions to systems of interval linear equations. Numerical examples involving 2×2 and 3×3 interval systems are provided 
to demonstrate the implementation and effectiveness of these methods.  
Key words: interval Arithmetic, Interval Linear Systems, Interval Gauss–Jacobi Method, Interval Gauss–Seidel Method, 
Iterative Methods, AMS Subject Calcifications: 65G40,65F10 ,65G30 , 65N22, 15A06. 

 

1. INTRODUCTION 
This chapter introduces the concept of interval arithmetic, developed to manage uncertainties in numerical computations. 
This chapter forms the mathematical basis for solving systems with interval coefficients. Ramon E. Moore[4] is credited 
with formally introducing interval arithmetic in 1966. He systematized earlier ideas into a rigorous computational 
framework. His book Interval Analysis is considered the foundational reference of the field and helped establish interval 
arithmetic as a recognized area of numerical analysis. The main goal is to perform computations using intervals instead of 
exact numbers, so that results include guaranteed bounds on errors. This ensures that the true value of a computation is 
always contained within the computed interval. 
1.1 Definition: An interval [a, b] is the set of all real numbers between a and b where a<b.Let X = [a, b] and Y = [c, d] be 

two intervals. 
(i).Addition of two intervals is defined as [a, b] + [c, d] = [a + c, b + d] 
Example:  If A= [2, 5], B= [1, 3], then A+B= [2+1, 5+3] = [3, 8] 
(ii).Subtraction of two intervals is defined as [a, b] − [c, d] = [a − d, b − c] 
Example. If A= [4, 7], B= [2, 6], then A-B= [4-6, 7-2] = [-2, 5] 
 

(iii).Multiplication of two intervals is defined as    
 [a, b] × [c, d] = [min (ac, ad, bc, bd), max (ac, ad, bc, bd)] 
Example. If A= [2, 4], B= [3, 5], all the combinations are 2×3=6, 2×5=10, 4×3=12, 4×5=20, Then A×B= [min (6,10,12,20), 
max (6, 10,12,20)] = [6, 20] 
(iv).Division of two intervals is defined as   X ÷ Y = X × [1/d, 1/c], provided 0 ∉ [c, d] 
Note. Division is undefined if 0 is inside the denominator interval. 
Example. If A= [6, 10], B= [2, 5], First take reciprocal of B: 1/B= [1/5, 1/2] 
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Now A÷B= AX 1/B = [6, 10] × [1/5, 1/2], all the combinations: 6×1/5=6/5, 6×1/2=3, 10×1/5=2, 10×1/2=5, then A÷B= 
[6/5, 5] 
1.2. Definition: An interval matrix is a matrix in which each element is an interval rather than a single real number. If A = 
(a୧୨) is a matrix, then in interval form, each element is written as:a୧୨=[l୧୨ , u୧୨], Where  l୧୨ is the lower bound and u୧୨ is the 
upper bound and l୧୨ ≤ u୧୨ 

Example for 2 × 2 interval matrixA = ൤[aଵଵ, bଵଵ] [aଵଶ, bଵଶ]
[aଶଵ, bଶଵ] [aଶଶ, bଶଶ]൨ 

 

Example for 3 × 3 interval matrixA = ቎
[aଵଵ, bଵଵ] [aଵଶ, bଵଶ] [aଵଷ, bଵଷ]
[aଶଵ, bଶଵ] [aଶଶ, bଶଶ] [aଶଶ, bଶଶ]
[aଷଵ, bଷଵ] [aଷଶ, bଷଶ] [aଷଷ, bଷଷ]

቏ 

 
2. INTERVAL GAUSS JACOBI ITERATION METHOD 

 

In many practical problems, the coefficients and constants of a system of linear equations are not known exactly because 
of measurement errors, approximation, or uncertainty. Such systems are represented using interval numbers instead of 
fixed real numbers. To obtain approximate interval solutions for these systems, iterative numerical methods are applied. 
The Interval Jacobi Iteration Method is an extension of the classical Jacobi iterative method in interval arithmetic. In this 
method, every coefficient and unknown is represented as an interval, and successive approximations are obtained by 
repeatedly substituting previous interval values into the system equations. The Interval Jacobi Iteration Method is 
particularly useful for diagonally dominant interval systems because such systems generally ensure convergence. The 
method provides approximate interval solutions that contain the possible exact solutions of the uncertain system. 
2.1. Interval Jacobi iteration method for system of n- linear equations 
Consider a system of n-linear interval equations AX=B where A is an interval coefficient matrix, X is the vector of 
unknown interval variables, and B is the interval constant vector. The method first rearranges each equation so that one 
variable is expressed in terms of the remaining variables. Starting from suitable initial interval approximations, new interval 
values are computed iteratively. The Jacobi method uses only the values from the previous iteration to compute the next 
iteration. This process continues until the difference between two successive iterations becomes negligibly small, 
indicating convergence of the interval solution. 
 

Consider the system of n-linear equations 
[aଵଵ, b	ଵଵ]	xଵ + [aଵଶ, b	ଵଶ]	xଶ +…….+[aଵ୬, b	ଵ୬]	x୬  = [cଵ,݀ଵ] 
[aଶଵ, b	ଶଵ]	xଵ + [aଶଶ, b	ଶଶ]	xଶ +…….+[aଶ୬, b	ଶ୬]	x୬  = [cଶ, dଶ] 

			⋮⋮⋮⋮ 
[a୬ଵ, b	୬ଵ]	xଵ + [a୬ଶ, b	୬ଶ]	xଶ +…….+[a୬୬, b	୬୬]	x୬  = [c୬, d୬] 
 

From above equation of system (1), we have  

	xଵ = 	 [ୡభ,ௗభ]
[ୟభభ ,ୠ	భభ]

 - ଵ
[ୟభభ,ୠభభ]

 [[aଵଶ, bଵଶ]	xଶ + 	[aଵଷ, bଵଷ]	xଷ + ⋯+ 	 [aଵ୬, bଵ୬]	x୬] 

	xଶ = 	 [ୡమ,ୢమ]
[ୟమమ,ୠ	మమ]

 - ଵ
[ୟమమ,ୠమమ]

 [[aଶଵ, bଶଵ]	xଵ + 	 [aଶଷ, bଶଷ]	xଷ +⋯+ 	[aଶ୬, bଶ୬]	x୬] 
			⋮⋮⋮⋮ 

	x୬ = 	 [ୡ౤,ୢ౤]
[ୟ౤౤,ୠ౤౤]

 - ଵ
[ୟ౤౤,ୠ౤౤]

 [[a୬ଵ, b୬ଵ]	xଵ + 	 [a୬ଶ, b୬ଶ]	xଶ … + 	 [a୬୬ିଵ, b୬୬ିଵ]	x୬ିଵ] 

Let xଵ
(଴) , xଶ

(଴) ……... x୬
(଴) are interval 

 

xଵ
(ଵ) = 	 [௖భ,ௗభ]

[ୟభభ,ୠ	భభ]
 - ଵ

[ୟభభ,ୠభభ]
 [[aଵଶ, bଵଶ]xଶ

(଴) + 	 [aଵଷ, bଵଷ]xଷ
(଴) +⋯+ 	 [aଵ୬, bଵ୬]x୬

(଴)] 

xଶ
(ଵ) = 	 [ୡమ,ௗమ]	

[ୟమమ,ୠ	మమ]
 - ଵ

[ୟమమ,ୠమమ]
 [[aଶଵ, bଶଵ]xଵ

(଴) + 	 [aଶଷ, bଶଷ]xଷ
(଴) + ⋯+ 	 [aଶ୬, bଶ୬]x୬

(଴)] 

			⋮⋮⋮⋮ 
x୬

(ଵ) = [ୡ౤,ୢ౤]
[ୟ౤౤,ୠ౤౤]

 - ଵ
[ୟ౤౤,ୠ౤౤]

 [[a୬ଵ, b୬ଵ]xଵ
(଴) + [a୬ଶ, b୬ଶ]xଶ

(଴) … + 	 [a୬୬ିଵ, b୬୬ିଵ]x୬ିଵ
(଴) ] 

 

xଵ
(୩ାଵ) = 	 [ୡభ,ୢభ]

[ୟభభ,ୠ	భభ]
 - ଵ

[ୟభభ,ୠభభ]
 [[aଵଶ, bଵଶ]xଶ

(୩) + 	 [aଵଷ, bଵଷ]xଷ
(୩) +⋯+ 	 [aଵ୬, bଵ୬]x୬

(୩)] 

xଶ
(୩ାଵ) = 	 [ୡమ,ୢమ]

[ୟమమ,ୠ	మమ]
 - ଵ

[ୟమమ,ୠమమ]
 [[aଶଵ, bଶଵ]xଵ

(୩) + 	 [aଶଷ, bଶଷ]xଷ
(୩) + ⋯+ 	 [aଶ୬, bଶ୬]x୬

(୩)] 

			⋮⋮⋮⋮ 
x୬

(୩ାଵ) = [ୡ౤,ௗ೙]
[ୟ౤౤ ,ୠ౤౤]

 - ଵ
[ୟ౤౤ ,ୠ౤౤]

 [[a୬ଵ, b୬ଵ]xଵ
(୩) + [a୬ଶ, b୬ଶ]xଶ

(୩) … + 	 [a୬୬ିଵ, b୬୬ିଵ]x୬ିଵ
(୩)  

 
For, k=0,1, 2…… Continue the above process until we get the desired accuracy of the root. The following problem 
includes detailed step-by-step solutions for 2×2 interval systems and3×3 interval systems. 
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2.2. Application to Interval Jacobi iteration method (Two interval linear equations) 
This section illustrates the application of the Interval Jacobi Iteration Method to a 2×2 system of interval linear equations. 
[7, 9]x + [0, 1] y = [8, 10] ——— (1) 
[1, 3]x + [6, 8] y = [12, 14] ——— (2) 
[7,9]> [0,1], [6,8] > [1, 3] 
 
From equations (1) and (2), write iterative form: 
 

Eq(1) => x = 
([଼,ଵ଴]ି	[଴,ଵ]୷)

[଻,ଽ]
,    Eq (2) => y = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶)

[଺,଼]
 

Consider the Initial values: x(଴)= [0, 0], y(଴) = [0, 0] 
 
The Iteration formula for Jacobi method is  

x(୩ାଵ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(ౡ))
[଻,ଽ]

,            y(୩ାଵ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(ౡ))
[଺,଼]

 
In this method we use previous iteration values only. 
 
1st Iteration: 
For x(ଵ): 

x(ଵ) = ([଼,ଵ଴]	ି	[଴,ଵ]୷(బ))	
[଻,ଽ]

     = ([଼,ଵ଴]	ି	[଴,ଵ][଴,଴])
[଻,ଽ]

= [଼,ଵ଴]
[଻,ଽ]

= [0.889, 1.429] 

For y(ଵ): 

y(ଵ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(బ))
[଺,଼]

   = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴,଴])
[଺,଼]

= ([ଵଶ,ଵସ]
[଺,଼]

 = [1.5, 2.333] 
 
2nd iteration: - 

x(ଶ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(భ)	)
[଻,ଽ]

 = ([଼,ଵ଴]	ି	[଴,ଵ][ଵ.ହ,ଶ.ଷଷଷ])	
[଻,ଽ]

= [ହ.଺଺଻,ଵ଴]
[଻,ଽ]

 = [0.630, 1.429] 

y(ଶ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(భ))
[଺,଼]

  = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଼଼ଽ,ଵ.ସଶଽ])
[଺,଼]

= [଻.଻ଵଷ,ଵଷ.ଵଵଵ]	
[଺,଼]

= [0.964, 2.185] 
 
3rd iteration: - 

x(ଷ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(మ)	)
[଻,ଽ]

     = ([଼,ଵ଴]	ି	[଴,ଵ][଴.ଽ଺ସ,ଶ.ଵ଼ହ])
[଻,ଽ]

 = [ହ.଼ଵହ,ଵ଴]
[଻,ଽ]

 = [0.646, 1.429] 

y(ଷ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(మ))
[଺,଼]

   = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଺ଷ଴,ଵ.ସଶଽ])
[଺,଼]

 = [଻.଻ଵଷ,ଵଷ.ଷ଻]
[଺,଼]

 = [0.964, 2.228] 
 
4th iteration:  

x(ସ) = ([଼,ଵ଴]	ି	[଴,ଵ]୷(య))
[଻,ଽ]

  = ([଼,ଵ଴]	ି	[଴,ଵ][଴.ଽ଺ସ,ଶ.ଶଶ଼])
[଻,ଽ]

 = [ହ.଻଻ଶ,ଵ଴]
[଻,ଽ]

= [0.641, 1.429] 

y(ସ)= = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(య))
[଺,଼]

 = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଺ସ଺,ଵ.ସଶଽ])
[଺,଼]

 = [଻.଻ଵଷ,ଵଷ.ଷହସ]
[଺,଼]

= [0.964, 2.226] 
 
5th iteration: - 

x(ହ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(ర)))
[଻,ଽ]

  = ([଼,ଵ଴]	ି	[଴,ଵ][଴.ଽ଺ସ,ଶ.ଶଶ଺])
[଻,ଽ]

= [ହ.଻଻ସ,ଵ଴]
[଻,ଽ]

 = [0.642, 1.429] 

y(ହ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(ర))
[଺,଼]

 = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଺ସଵ,ଵ.ସଶଽ])
[଺,଼]

= [଻.଻ଵଷ,ଵଷ.ଷହଽ]
[଺,଼]

= [0.964, 2.227] 
 
Convergence Conditions: -  |x(୩ାଵ)- x(୩)| ≈ 0, |y(୩ାଵ) - y(୩)| ≈ 0 
Since the difference between 4th and 5th iteration is ≈ 0, the Jacobi method has converged at 5th iteration. Hence the 
approximate interval solution is    x = [0.642, 1.429],y = [0.964, 2.227] 
 
2.3. Application Interval Jacobi iteration Method (Three interval linear equations) 
 

In this section, the Interval Jacobi Iteration Method is applied to a 3×3 system of interval linear equations. Compared to 
the previous example, this problem involves three interval unknowns and demonstrates the applicability of the method to 
higher-dimensional interval systems. 
 

[4, 5]x + [1, 2] y + [1, 1] z = [7, 8] ——— (1) 
[1, 2]x + [5, 6] y + [1, 1] z = [8, 9] ——— (2) 
[1, 1]x + [1, 1] y + [6, 7] z = [9, 10] ——— (3) 
 

Rearranging the equation’s 
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Eq(1) => x = 
([଻,଼]ି	[ଵ,ଶ]௬)ି[ଵ,ଵ]௭

[ସ,ହ]
     Eq (2) => y = ([଼,ଽ]	ି	[ଵ,ଶ]௫)ି[ଵ,ଵ]௭

[ହ,଺]
 

Eq(3) => z = ([ଽ,ଵ଴]	ି	[ଵ,ଵ]௫)ି[ଵ,ଵ]௬
[଺,଻]

 
Consider the Initial values: ݔ(଴)= [0, 0], ݕ(଴) = [0, 0], ݖ(଴) = [0, 0] 

The Iteration formula for Jacobi method is   ݔ(௞ାଵ)= 
൫[଻,଼]ି	[ଵ,ଶ]௬(ೖ)൯ି[ଵ,ଵ]௭(ೖ)

[ସ,ହ]
 

 =(௞ାଵ)ݕ
൫[ଽ,ଵ଴]ି	[ଵ,ଶ]௫(ೖ)൯ି[ଵ,ଵ]௭(ೖ)

[ହ,଺]
௬(ೖ)[ଵ,ଵ]ି(௫(ೖ)[ଵ,ଶ]	ି	[ଽ,ଵ଴]) =(௞ାଵ)ݖ  ,

[଺,଻]
. 

1st Iteration: 
 

 = (ଵ)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(బ)൯ି[ଵ,ଵ]௭(బ)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴,଴]ି[ଵ,ଵ][଴,଴])

[ସ,ହ]
 = [଻,଼]

[ସ,ହ]
= [1.4,2] 

 

=(ଵ)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(బ)൯ି[ଵ,ଵ]௭(బ)

[ହ,଺]
  = ([଼,ଽ]ି	[ଵ,ଶ][଴,଴]ି[ଵ,ଵ][଴,଴])

[ହ,଺]
 = [଼,ଽ]

[ହ,଺]
 = [1.33,1.8] 

௬(బ)[ଵ,ଵ]ି(௫(బ)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(ଵ)ݖ

[଺,଻]
  = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴,଴]ି[ଵ,ଵ][଴,଴])

[଺,଻]
 = [ଽ,ଵ଴]

[଺,଻]
 = [1.28,1.67] 

2nd Iteration: 
 

 = (ଶ)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(భ)൯ି[ଵ,ଵ]௭(భ)

[ସ,ହ]
= ([଻,଼]ି	[ଵ,ଶ][ଵ.ଷଷ,ଵ.଼]ି[ଵ,ଵ][ଵ.ଶ଼,ଵ.଺଻])

[ସ,ହ]
= [0.35,1.35] 

=(ଶ)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(భ)൯ି[ଵ,ଵ]௭(భ)

[ହ,଺]
  = ([଼,ଽ]ି	[ଵ,ଶ][ଵ.ସ,ଶ]ି[ଵ,ଵ][ଵ.ଶ଼,ଵ.଺଻])

[ହ,଺]
 = [0.39,1.26] 

௬(భ)[ଵ,ଵ]ି(௫(భ)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(ଶ)ݖ

[଺,଻]
 = ([ଽ,ଵ଴]ି	[ଵ,ଵ][ଵ.ସ,ଶ]ି[ଵ,ଵ][ଵ.ଷଷ,ଵ.଼])

[଺,଻]
 = [0.74,1.21] 

3nd Iteration: 
 

 = (ଷ)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(మ)൯ି[ଵ,ଵ]௭(మ)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴.ଷଽ,ଵ.ଶ଺]ି[ଵ,ଵ][଴.଻ସ,ଵ.ଶଵ])

[ସ,ହ]
= [0.65,1.72] 

=(ଷ)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(మ)൯ି[ଵ,ଵ]௭(మ)

[ହ,଺]
 = ([଼,ଽ]ି	[ଵ,ଶ][଴.ଷହ,ଵ.ଷହ]ି[ଵ,ଵ][଴.଻ସ,ଵ.ଶଵ])

[ହ,଺]
 = [0.68,1.58] 

௬(మ)[ଵ,ଵ]ି(௫(మ)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(ଷ)ݖ

[଺,଻]
     = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ଷହ,ଵ.ଷହ]ି[ଵ,ଵ][଴.ଷଽ,ଵ.ଶ଺])

[଺,଻]
 = [0.91,1.54] 

4th Iteration: 
 

 = (ସ)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(య)൯ି[ଵ,ଵ]௭(య)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴.଺଼,ଵ.ହ଼]ି[ଵ,ଵ][଴.ଽଵ,ଵ.ହସ])

[ସ,ହ]
= [0.46,1.60] 

=(ସ)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(య)൯ି[ଵ,ଵ]௭(య)

[ହ,଺]
     = ([଼,ଽ]ି	[ଵ,ଶ][଴.଺ହ,ଵ.଻ଶ]ି[ଵ,ଵ][଴.ଽଵ,ଵ.ହସ])

[ହ,଺]
 = [0.50,1.49] 

௬(య)[ଵ,ଵ]ି(௫(య)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(ସ)ݖ

[଺,଻]
     = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.଺ହ,ଵ.଻ଶ]ି[ଵ,ଵ][଴.଺଼,ଵ.ହ଼])

[଺,଻]
 = [0.81,1.45] 

5th Iteration: 
 

 = (ହ)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(ర)൯ି[ଵ,ଵ]௭(ర)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴.ହ଴,ଵ.ସଽ]ି[ଵ,ଵ][଴.଼ଵ,ଵ.ସହ])

[ସ,ହ]
= [0.51,1.67] 

=(ହ)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(ర)൯ି[ଵ,ଵ]௭(ర)

[ହ,଺]
     = ([଼,ଽ]ି	[ଵ,ଶ][଴.ସ଺,ଵ.଺଴]ି[ଵ,ଵ][଴.଼ଵ,ଵ.ସହ])

[ହ,଺]
 = [0.56,1.55] 

 

௬(ర)[ଵ,ଵ]ି(௫(ర)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(ହ)ݖ

[଺,଻]
     = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ସ଺,ଵ.଺଴]ି[ଵ,ଵ][଴.ହ଴,ଵ.ସଽ])

[଺,଻]
 = [0.84,1.51] 

6th Iteration: 
 

 = (଺)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(ఱ)൯ି[ଵ,ଵ]௭(ఱ)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴.ହ଺,ଵ.ହହ]ି[ଵ,ଵ][଴.଼ସ,ଵ.ହଵ])

[ସ,ହ]
= [0.48, 1.65] 

=(଺)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(ఱ)൯ି[ଵ,ଵ]௭(ఱ)

[ହ,଺]
     = ([଼,ଽ]ି	[ଵ,ଶ][଴.ହଵ,ଵ.଺଻]ି[ଵ,ଵ][଴.଼ସ,ଵ.ହଵ])

[ହ,଺]
 = [0.53, 1.53] 

௬(ఱ)[ଵ,ଵ]ି(௫(ఱ)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(଺)ݖ

[଺,଻]
     = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ହଵ,ଵ.଺଻]ି[ଵ,ଵ][଴.ହ଺,ଵ.ହହ])

[଺,଻]
 = [0.83, 1.49] 

7th Iteration: 
 

 = (଻)ݔ
൫[଻,଼]ି	[ଵ,ଶ]௬(ల)൯ି[ଵ,ଵ]௭(ల)

[ସ,ହ]
     = ([଻,଼]ି	[ଵ,ଶ][଴.ହଷ,ଵ.ହଷ]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ସଽ])

[ସ,ହ]
= [0.49, 1.66] 

 

=(଻)ݕ
൫[଼,ଽ]ି	[ଵ,ଶ]௫(ల)൯ି[ଵ,ଵ]௭(ల)

[ହ,଺]
     = ([଼,ଽ]ି	[ଵ,ଶ][଴.ସ଼,ଵ.଺ହ]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ସଽ])

[ହ,଺]
 = [0.54, 1.54] 

 

௬(ల)[ଵ,ଵ]ି(௫(ల)[ଵ,ଶ]	ି	[ଽ,ଵ଴])=(଻)ݖ

[଺,଻]
     = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ସ଼,ଵ.଺ହ]ି[ଵ,ଵ][଴.ହଷ,ଵ.ହଷ])

[଺,଻]
 [0.83, 1.50] = (଻)ݖ

Convergence Conditions: - |ݔ(௞ାଵ) - ݔ(௞)| ≈ 0, |ݕ(௞ାଵ) - ݕ(௞)| ≈ 0 
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Since the difference between 6th and 7th iteration is ≈ 0, the Jacobi method has converged at 7th iteration. Hence the 
approximate interval solution is:  x = [0.49,1.66], y = [0.54,1.54], z = [0.83,1.50] 

 
3. INTERVAL GAUSSSEIDEL ITERATION METHOD 

In numerical analysis, systems of linear equations with uncertain or approximate coefficients frequently arise in 
engineering, applied sciences, economics, and computational mathematics. Such uncertainties are effectively represented 
using interval arithmetic, where each coefficient and constant term is expressed as an interval instead of a single real 
number. The Interval Gauss-Seidel Iteration Method is an extension of the classical Gauss-Seidel method to interval 
systems of linear equations. This method is used to obtain approximate interval solutions while accounting for uncertainty 
in the data. Compared with the Interval Jacobi Method, the Gauss-Seidel method generally converges faster because 
newly computed interval values are immediately used in subsequent calculations within the same iteration. 
 

3.1. Interval Seidel iteration method for system of n- linear equations 
Consider the interval system AX=B where A is an interval coefficient matrix, X is the vector of unknown interval 
variables, and B is the interval constant vector. Each equation is rearranged so that one variable is expressed in terms of 
the remaining variables. Starting from suitable initial interval approximations, the method computes successive interval 
solutions iteratively. In the Interval Gauss-Seidel Method, once a new approximation of a variable is obtained, it is 
immediately substituted into the next equations during the same iteration. This updating strategy improves the 
convergence rate and reduces the number of iterations required to obtain the desired accuracy. The iterative process is 
continued until the difference between two consecutive approximations becomes negligibly small. The method is 
particularly effective for diagonally dominant interval systems, where convergence is generally guaranteed. 
 

Consider the system of equation  
[aଵଵ, b	ଵଵ]	xଵ + [aଵଶ, b	ଵଶ]	xଶ +…….+[aଵ୬, b	ଵ୬]	x୬  = [cଵ, dଵ] 
[aଶଵ, b	ଶଵ]	xଵ + [aଶଶ, b	ଶଶ]	xଶ +…….+[aଶ୬, b	ଶ୬]	x୬  = [cଶ, dଶ] 

			⋮⋮⋮⋮ 
[a୬ଵ, b	୬ଵ]	xଵ + [a୬ଶ, b	୬ଶ]	xଶ +…….+[a୬୬, b	୬୬]	x୬  = [c୬, d୬] 
 

From above equation of system (1), we have  

	xଵ = 	 [ୡభ,ୢభ]
[ୟభభ ,ୠ	భభ]

 - ଵ
[ୟభభ,ୠభభ]

 [[aଵଶ, bଵଶ]	xଶ + 	[aଵଷ, bଵଷ]	xଷ + ⋯+ 	 [aଵ୬, bଵ୬]	x୬] 

	xଶ = 	 [ୡమ,ୢమ]
[ୟమమ,ୠ	మమ]

 - ଵ
[ୟమమ,ୠమమ]

 [[aଶଵ, bଶଵ]	xଵ + 	 [aଶଷ, bଶଷ]	xଷ +⋯+ 	[aଶ୬, bଶ୬]	x୬] 
			⋮⋮⋮⋮ 

	x୬ = 	 [ୡ౤,ୢ౤]
[ୟ౤౤,ୠ౤౤]

 - ଵ
[ୟ౤౤,ୠభభ]

 [[a୬ଵ, b୬ଵ]	xଵ + 	 [a୬ଶ, b୬ଶ]	xଶ … + 	 [a୬୬ିଵ, b୬୬ିଵ]	x୬ିଵ] 
 

Let  xଶ
(଴) , xଷ

(଴)  , ……... x୬
(଴)  are initial approximations substitute these approximations in the right-hand side of first 

equation of the above equation  

xଵ
(ଵ) = 	 [ୡభ,ୢభ]

[ୟభభ,ୠ	భభ]
 - ଵ

[ୟభభ,ୠభభ]
 [[aଵଶ, bଵଶ]xଵ

(଴) +⋯+ 	 [aଵ୬, bଵ୬]x୬
(଴)] 

 

Now substitute the approximations xଵ
(ଵ) , xଶ

(଴) , xଷ
(଴) , ……... x୬

(଴) in the right-hand side of second equation of the above 
equation 

xଶ
(ଵ) = 	 [ୡమ,ୢమ]

[ୟమమ,ୠ	మమ]
 - ଵ

[ୟమమ,ୠమమ]
 [[aଶଵ, bଶଵ]xଵ

(଴) + ⋯+ 	 [aଶ୬, bଶ୬]x୬
(଴)] 

 

Now substitute the approximations xଵ
(ଵ) , xଶ

(ଵ)  , xଷ
(଴)  , ……... x୬

(଴)  in the right-hand side of third equation of the above 
equation.  We have 

xଷ
(ଵ) = 	 [ୡయ,ୢయ]

[ୟమమ,ୠ	మమ]
 - ଵ

[ୟమమ,ୠమమ]
 [[aଷଵ, bଷଵ]xଵ

(ଵ) + 	 [aଷଷ, bଷଷ]xଷ
(଴) + ⋯+ 	 [aଷ୬, bଷ୬]x୬

(଴)] 
 

Continuing this process if we substitute the approximation   xଵ
(ଵ), xଶ

(ଵ) , xଷ
(ଵ) , ……... x୬ିଵ

(ଵ)  in the last equation of system 
above equation 

We obtain  x୬
(ଵ) = [ୡ౤,ୢ౤]

[ୟ౤౤,ୠ౤౤]
 - ଵ

[ୟ౤౤,ୠ౤౤]
 [[a୬ଵ, b୬ଵ]xଵ

(ଵ) + [a୬ଶ, b୬ଶ]xଶ
(ଵ) … + 	 [a୬୬ିଵ, b୬୬ିଵ]x୬ିଵ

(଴) ] 
 
Let xଵ

(୩)  , xଶ
(୩)  , xଷ

(୩)  , ……... x୬
(୩)  be the ݇௧௛	approximations of the given system then the (݇ + 1)௧௛	approximations are 

obtained by 

xଵ
(୩ାଵ) = 	 [ୡభ,ୢభ]

[ୟభభ,ୠభభ]
 - ଵ

[ୟభభ,ୠభభ]
 [[aଵଶ, bଵଶ]xଶ

(୩) + 	 [aଵଷ, bଵଷ]xଷ
(୩) + ⋯+ 	 [aଵ୬, bଵ୬]x୬

(୩)] 

xଶ
(୩ାଵ) = 	 [ୡమ,ୢమ]

[ୟమమ,ୠమమ]
 - ଵ

[ୟమమ,ୠమమ]
 [[aଶଵ, bଶଵ]xଵ

(୩ାଵ) + 	 [aଶଷ, bଶଷ]xଷ
(୩) +⋯+ 	 [aଶ୬, bଶ୬]x୬

(୩)] 

			⋮⋮⋮⋮ 
x୬

(୩ାଵ) = [ୡ౤,ୢ౤]
[ୟ౤౤ ,ୠ౤౤]

 - ଵ
[ୟ౤౤ ,ୠ౤౤]

 [[a୬ଵ, b୬ଵ]xଵ
(୩ାଵ) + [a୬ଶ, b୬ଶ]xଶ

(୩ାଵ) +⋯+ [a୬୬ିଵ, b୬୬ିଵ]x୬ିଵ
(୩ାଵ)]  

For, k=0,1,2…...   Continue the above process until we get the desired accuracy of the root. 
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3.2. Application to Interval Gauss Seidel iteration method (Two interval linear equations) 
This section demonstrates the application of the Interval Gauss-Seidel Iteration Method to a 2×2 system of interval linear 
equations. 
Consider the system linear equations  
[7, 9]x + [0, 1] y = [8, 10] ——— (1) 
[1, 3]x + [6, 8] y = [12, 14] ——— (2) 
[7, 9] > [0, 1], [6, 8] > [1, 3] 
From equations (1) and (2), write iterative form: 
 

Eq(1) => x = 
([଼,ଵ଴]ି	[଴,ଵ]୷)

[଻,ଽ]
      Eq (2) => y = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶)

[଺,଼]
 

 

Iteration formula for Gauss-Seidel method: 

x(୩ାଵ)= ([଼,ଵ଴]	ି	[଴,ଵ]	୷(ౡ))
[଻,ଽ]

 

y(୩ାଵ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]	୶(ౡశభ))
[଺,଼]

 

Consider the Initial value is  ݕ(଴) = [0,0]  
 

1st Iteration: - 

x(ଵ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(బ))
[଻,ଽ]

     = ([଼,ଵ଴]	ି	[଴,ଵ][଴,଴])	
[଻,ଽ]

= [0.889, 1.429] 

y(ଵ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(భ)	)	
[଺,଼]

= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଼଼ଽ,ଵ.ସଶଽ])
[଺,଼]

= [0.964, 2.185] 
2nd Iteration: - 

x(ଶ)= ([଼,ଵ଴]	ି	[଴,ଵ]୷(భ))
[଻,ଽ]

   = ([଼,ଵ଴]	ି	[଴,ଵ][଴.ଽ଺ସ,ଶ.ଵ଼ହ])
[଻,ଽ]

= [0.646, 1.429] 

y(ଶ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(మ))
[଺,଼]

   = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଺ସ଺,ଵ.ସଶଽ])
[଺,଼]

= [0.964, 2.226] 
3rd iteration: - 

x(ଷ) = ([଼,ଵ଴]	ି	[଴,ଵ]୷(మ))
[଻,ଽ]

  = ([଼,ଵ଴]	ି	[଴,ଵ][଴.ଽ଺ସ,ଶ.ଶଶ଺])
[଻,ଽ]

= [0.642, 1.429] 

y(ଷ)= ([ଵଶ,ଵସ]	ି	[ଵ,ଷ]୶(య))
[଺,଼]

   = ([ଵଶ,ଵସ]	ି	[ଵ,ଷ][଴.଺ସଶ,ଵ.ସଶଽ])
[଺,଼]

= [0.964, 2.226] 
4th iteration: - 

x(ସ)= ([଼,ଵ଴]ି[଴,ଵ]୷(య))	
[଻,ଽ]

   =([଼,ଵ଴]ି[଴,ଵ][଴.ଽ଺ସ,ଶ.ଶଶ଺])	
[଻,ଽ]

= [0.642, 1.429] 

y(ସ)= 
൫[ଵଶ,ଵସ]ି[ଵ,ଷ]୶(ర)൯

[଺,଼]
   =

([ଵଶ,ଵସ]ି[ଵ,ଷ][଴.଺ସଶ,ଵ.ସଶଽ])
[଺,଼]

= [0.964, 2.226] 
Since the difference between 3rd and 4th iteration is ≈ 0, The Gauss-Seidel method has converged at 4th iteration. Hence 
the approximate interval solution is: x = [0.642, 1.429], y = [0.964, 2.226] 
 

3.3.  Application to Interval GaussSeidel iteration method (Three interval linear equations) 
In this section, the Interval Gauss-Seidel Iteration Method is applied to a 3×3 interval system of linear equations. This 
example illustrates the effectiveness of the method for solving higher-order interval systems involving multiple uncertain 
variables. 
Consider the system linear equations  
[4, 5]x + [1, 2] y + [1, 1] z = [7, 8] 
[1, 2]x + [5, 6] y + [1, 1] z = [8, 9] 
[1, 1]x + [1, 1] y + [6, 7] z = [9, 10] 
 

Rearranging the equation’s 

Eq (1) =>x = 
([଻,଼]ି	[ଵ,ଶ]୷)ି[ଵ,ଵ]୸

[ସ,ହ]
,   Eq (2) =>y = ([଼,ଽ]	ି	[ଵ,ଶ]୶)ି[ଵ,ଵ]୸

[ହ,଺]
 

Eq (3) =>z = ([ଽ,ଵ଴]	ି	[ଵ,ଵ]୶)ି[ଵ,ଵ]୷
[଺,଻]

 
Consider the Initial values:  y(଴) = [0, 0], z(଴) = [0, 0] 
Iterative formula for Seidel method: 

x(୩ାଵ)= 
൫[଻,଼]ି	[ଵ,ଶ]୷(ౡ)൯ି[ଵ,ଵ]୸(ౡ)

[ସ,ହ]
,      y(୩ାଵ)= 

൫[ଽ,ଵ଴]ି	[ଵ,ଶ]୶(ౡశభ)൯ି[ଵ,ଵ]୸ౡ

[ହ,଺]
 

z(୩ାଵ)= ([ଽ,ଵ଴]	ି	[ଵ,ଶ]୶(ౡశభ))ି[ଵ,ଵ]୷(ౡశభ)

[଺,଻]
 

1st Iteration: 

x(ଵ) = 
൫[଻,଼]ି	[ଵ,ଶ]୷(బ)൯ି[ଵ,ଵ]୸(బ)

[ସ,ହ]
   = ([଻,଼]ି	[ଵ,ଶ][଴,଴]ି[ଵ,ଵ][଴,଴])

[ସ,ହ]
= [1.4,2] 

y(ଵ)=
൫[଼,ଽ]ି	[ଵ,ଶ]୶(భ)൯ି[ଵ,ଵ]୸(బ)

[ହ,଺]
  = ([଼,ଽ]ି	[ଵ,ଶ][ଵ.ସ,ଶ]ି[ଵ,ଵ][଴,଴])

[ହ,଺]
 = [0.67, 1.52] 



                  IJIRAE::International Journal of Innovative Research in Advanced Engineering                        ISSN:2349-2163 
                 Volume 13, Issue 07, July 2026                                                                       https://www.ijirae.com/archives                                                                                                                

https://doi.org/10.26562/ijirae.2026.v1307.01 

______________________________________________________________________________________________________________ 
IJIRAE: ©2014-26,    AM Publications, India - All Rights Reserved        https://doi.org/10.26562/ijirae          Page-888 

 
 

z(ଵ)=([ଽ,ଵ଴]	ି	[ଵ,ଶ]୶(ౡశభ))ି[ଵ,ଵ]୷(ౡశభ)

[଺,଻]
  = ([ଽ,ଵ଴]ି	[ଵ,ଵ][ଵ.ସ,ଶ]ି[ଵ,ଵ][଴.଺଻,ଵ.ହଶ])

[଺,଻]
 = [0.789, 1.32] 

2nd Iteration: 
 

x(ଶ) = 
൫[଻,଼]ି	[ଵ,ଶ]୷(భ)൯ି[ଵ,ଵ]୸(భ)

[ସ,ହ]
 = ([଻,଼]ି	[ଵ,ଶ][଴.଺଻,ଵ.ହଶ]ି[ଵ,ଵ][଴.଻଼ଽ,ଵ.ଷଶ])

[ସ,ହ]
= [0.53, 1.64] 

y(ଶ)=
൫[଼,ଽ]ି	[ଵ,ଶ]୶(మ)൯ି[ଵ,ଵ]୸(భ)

[ହ,଺]
  = ([଼,ଽ]ି	[ଵ,ଶ][଴.ହଷ,ଵ.଺ସ]ି[ଵ,ଵ][଴.଻଼ଽ,ଵ.ଷଶ])

[ହ,଺]
= [0.57, 1.54] 

z(ଶ)=([ଽ,ଵ଴]	ି	[ଵ,ଶ]୶(మ))ି[ଵ,ଵ]୷(మ)

[଺,଻]
 = ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ହଷ,ଵ.଺ସ]ି[ଵ,ଵ][଴.ହ଻,ଵ.ହସ])

[଺,଻]
= [0.83, 1.48] 

3nd Iteration: 

x(ଷ) = 
൫[଻,଼]ି	[ଵ,ଶ]୷(మ)൯ି[ଵ,ଵ]୸(మ)

[ସ,ହ]
 = ([଻,଼]ି	[ଵ,ଶ][଴.ହ଻,ଵ.ହସ]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ସ଼])

[ସ,ହ]
= [0.49, 1.65] 

y(ଷ)=
൫[଼,ଽ]ି	[ଵ,ଶ]୶(య)൯ି[ଵ,ଵ]୸(మ)

[ହ,଺]
= ([଼,ଽ]ି	[ଵ,ଶ][଴.ସଽ,ଵ.଺ହ]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ସ଼])

[ହ,଺]
 = [0.54, 1.54] 

z(ଷ)=([ଽ,ଵ଴]	ି	[ଵ,ଶ]୶(య))ି[ଵ,ଵ]୷(య)

[଺,଻]
= ([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ସଽ,ଵ.଺ହ]ି[ଵ,ଵ][଴.ହସ,ଵ.ହସ])

[଺,଻]
 = [0.83, 1.50] 

4th Iteration: 

x(ସ) = 
൫[଻,଼]ି	[ଵ,ଶ]୷(య)൯ି[ଵ,ଵ]୸(య)

[ସ,ହ]
= ([଻,଼]ି	[ଵ,ଶ][଴.ହସ,ଵ.ହସ]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ହ଴])

[ସ,ହ]
= [0.48, 1.66] 

y(ସ)=
൫[଼,ଽ]ି	[ଵ,ଶ]୶(ర)൯ି[ଵ,ଵ]୸(య)

[ହ,଺]
= ([଼,ଽ]ି	[ଵ,ଶ][଴.ସ଼,ଵ.଺଺]ି[ଵ,ଵ][଴.଼ଷ,ଵ.ହ଴])

[ହ,଺]
= [0.53, 1.54] 

z(ସ)=([ଽ,ଵ଴]	ି	[ଵ,ଶ]୶(ర))ି[ଵ,ଵ]୷(ర)

[଺,଻]
([ଽ,ଵ଴]ି	[ଵ,ଵ][଴.ସ଼,ଵ.଺଺]ି[ଵ,ଵ][଴.ହଷ,ଵ.ହସ])

[଺,଻]
 = [0.83, 1.50] 

Since the difference between 3rd and 4th iteration is ≈ 0, The Gauss-Seidel method has converged at 4th iteration. Hence 
the approximate interval solution is:  x = [0.49, 1.66], y = [0.53,1.54], z = [0.83,1.50]. The convergence of iterative 
methods is analysed using successive approximations. The results demonstrate that interval Gauss-Seidel converges faster 
than the interval Gauss Jacobi method. Therefore, the Interval Gauss-Seidel Iteration method is an effective, accurate, and 
computationally efficient technique for solving interval systems of linear equations, particularly for diagonally dominant 
interval matrices. 

5. CONCLUSIONS 
 

In this paper, classical iterative techniques such as the Jacobi and Gauss-Seidel methods were extended using interval 
arithmetic to solve systems of linear equations with uncertain or approximate data. The study focused on developing 
Interval Jacobi and Interval Gauss-Seidel iterative methods and analysing their convergence behaviour through numerical 
examples involving 2×2 and 3×3 interval systems. The use of interval arithmetic provides a reliable framework for 
handling uncertainties, rounding errors, and computational approximations. By representing coefficients and solutions as 
intervals, the methods ensure that the exact solution lies within the computed interval bounds. The numerical 
experiments carried out in this work demonstrate the efficiency and applicability of interval iterative techniques for 
solving linear interval systems. 
 
The major conclusions obtained from this study are summarized below: 
1. The concept of interval arithmetic is highly important in handling uncertainties, rounding errors, and approximate data 

in numerical computations.  
2. Interval arithmetic guarantees that the true solution always lies within the computed interval, making it more reliable 

than classical numerical methods.  
3. The Interval Jacobi and Interval Gauss-Seidel methods successfully extend the classical iterative techniques to interval 

systems of linear equations.  
4. This paper demonstrates that interval iterative methods are highly useful in applications where accuracy, reliability, and 

error bounds are essential.  
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